We prove that critical and subcritical N = 2 string theory gives a realization of an N = 2 superfield extension of the topological conformal algebra. The essential observation is the vanishing of the background ghost charge.
Let us first recall some basic facts of N = 2 string in superfield formalism, * in N = 2 superspace is described in terms of bosonic (z,z) and fermionic (θ ± ,θ ± )
coordinates. We can define covariant derivatives
The action can be written in terms of two superfields S µ (z,z, θ + ,θ + , θ − ,θ − ) and S µ * (z,z, θ + ,θ + , θ − ,θ − ) satisfying two constraints
and
The action is [1] A = dzdz dθ
The solution of the equation of motions
can be written as
where
A real superfield X µ is constructed via
The components of X µ (Z) are
where X µ (z) and Y µ (z) are free bosonic fields and ψ ±µ (z) are free fermions. *
We have the following operator product expansion
where Z ab is
N = 2 primary conformal superfields ψ h q (Z) are characterized by a weight h and a charge q. They have the following OPE with the energy momentum tensor T (Z)
where θ
The contribution to the energy momentum tensor from X µ is
N = 2 superstring action is invariant under several local gauge transformations.
We will work in the superconformal gauge. Gauge fixing generates a FaddeevPopov determinant expressible as a superfield action using N = 2 superfield ghost C and antighost B C ≡ c + iθ
The ghosts c and b are for the τ -σ reparametrization invariances, γ ± and β ± are the super ghosts for the two local supersymmetry transformations and ξ and η are the * We consider only the holomorphic part.
ghosts associated with the local U(1) symmetry. Their Lagrangians are the first order systems with background charge Q [10] and statistics ǫ of (Q, ǫ) = (−3, +), (2, −) and (−1, +) respectively. Notice that the total background ghost charge vanishes. The ghost action in terms of superfield is given by
The non-zero fundamental operator product expansion for the holomorphic part is
The ghost energy momentum tensor is
The superfields B(Z) and C(Z) are q = 0 conformal fields with h = +1 and
If we consider the total energy momentum tensor
the OPE of T with itself becomes
where D is the dimension of the target space. For D = 2, * T is a q = 0, h = 0 conformal superfield. * A first attempt to interpret this theory as a four dimensional (2, 2) theory was done by D'Adda and Lizzi in ref. [2] .
and when D = 2 it satisfies
since the total energy momentum tensor has no anomalies. Furthermore one can check that
Now we can construct the ghost number current j ghost
Since the total background ghost charge is zero and this current is not anomalous, the ghost current is a primary field with q = 0 and h = 0. The previous facts are characteristic of N = 2 string, for N = 0 and N = 1 due to the non-vanishing of the background ghost charge, the ghost current is anomalous and the ghost current is not a primary field [10, 11] . Now let us construct the BRST current j B , we will use a relation
in such a way that j B will be BRST invariant. Explicitly one finds
where the total derivative pieces * ensure that j B (Z) is a primary superfield with q = 0 and h = 0.
At this point we can define the N = 2 superfield extension of the topological conformal algebra. The generators are
The relevant operator product expansions are
for Ψ = T , G,Ḡ, and J with h = 1, 0, 1, and 0 respectively and
Summing up we should conclude that the critical N = 2 string is a topological field theory in the sense that the reparametrization BRST current algebra gives * The sign of the last term in eq. (26) is different from the expression of the BRST current in ref. [4] , which is primary however not BRST invariant.
a representation of a N = 2 superfield extension of the topological conformal algebra. * Actually Ooguri and Vafa [5] have shown an close relation between N = 2 string and self-dual gravity and self-dual Yang-Mills, it will be interesting to study the implications of our results from this type of theories.
With respect to N = 2 subcritical strings or N = 2 super Liouville theory we can also show that these theories are topological. For analyzing these theories one might do some hypothesis about a local ansatz for the Jacobian between a non-trivial measure and the free measure [13] . Or we might construct an effective theory [14] based on anomalous identities associated to the superconformal, the BRST and the ghost number symmetries. In the latter, the renormalization of the coupling constant (see below) is considered as the one-loop order effect of the BRST invariant measure. We will follow the second procedure with the vanishing cosmological constant, generalizing the results of the N = 0 and N = 1 case [14] to N = 2 super Liouville theory. To construct the relevant operators for the effective theory [15] we should introduce a Liouville superfield
with the operator product
The form of the energy momentum tensor is
where T X and T gh are given by eqs. (13) and (17) . To construct T Liouville we make an observation that apart from an inhomogenious piece, Liouville superfield * Our algebra in eqs. (28) and (29), in terms of the component fields, is not same as the twisted N = 4 superconformal algebra by Nojiri [12] .
behaves as X µ . Then we have
where κ is the renormalized coupling constant of the effective theory and algebraically it can be calculated imposing that the total energy momentum tensor T behaves as a superfield with q = 0 and h = 0. This condition implies
For the ghost number current as we have described before there is no ghost number anomaly, thus the current is given by
as for the critical string case, j ghost is a superfield with q = 0 and h = 0.
The BRST charge associated to the BRST symmetry is given by
and it satisfies Q 2 B = 0 for any D. Furthermore one can also check
Then we determine the total divergent pieces of the BRST current by using eq.
(25). Explicitly one finds
where the total derivative pieces ensures that j B (Z) is a primary N = 2 superfield with q = 0 and h = 0.
At this point it is interesting to comment about the differences of the analogous calculation for the N = 0 and N = 1 cases [14] . The two main differences with respect to those cases are i) the appearance of a Liouville term in the ghost number current ii) the appearance of a divergent terms with a Liouville field in the expression of BRST current. The presence of these terms implies that the previous theories are not topological for arbitrary values of the dimension [16] . The main reason for that is the anomalous behavior of the ghost number current.
As in the critical string case T , j B , j gh and B give a representation of the N = 2 superfield extension of the topological conformal algebra eqs. (28) and (29).
It is also useful to see how the critical string can be considered as a subcritical string in dimension 1 plus the Liouville superfield, in fact for this situation, κ = 0 and all the operators of the effective theory coincide with the ones of the critical string, since in this case there is no restriction for the possible values of D. Distler, Hlousek and Kawai [13] notice already that their local ansatz for the Jacobian works for every D. It will be interesting to find the dimension D in which one can establish the equivalence with the recent proposed N = 2 topological supergravity [17, 18, 19] with gauge group Osp(2|2).
In summary in this note we have shown that the N = 2 string theory is a topological field theory in any dimension D in the sense that the reparametrization BRST current algebra realizes an N = 2 superfield extension of the topological conformal algebra. This result is peculiar to the N = 2 string and it is due to the fact that the background charge vanishes and therefore there is no ghost number anomaly.
